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Abstract 

Fiber bundles over infinite fields with non-trivial ultra-norms are 
considered. For them geometric wrap groups are defined and inves- 
tigated. Besides fields also Cayley-Dickson algebras over fields of 
characteristic not equal to two are taken into account. For fibers 
over them wrap groups are introduced and their structure is investi- 
gated. Different classes of smoothness for wrap groups are used. It 
is demonstrated that generally such groups are infinite dimensional 
over the corresponding field and totally disconnected groups. That is, 
they are continuous or differentiable non-archimedean differentiable 
uniform spaces and the composition (/, g) i— > f~ 1 g is continuous or 
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differentiable depending on a class of smoothness of groups. Skew 
products of wrap groups are studied as well. 

1 Introduction. 

Groups of geometric loops and paths for real manifolds were introduced in 
the 1930-th and they are very important in differential geometry, algebraic 
topology and theoretical physics [4, 29, 37]. Possibly the first author was S. 
Lefshetz who studied them over real manifolds. He used families of contin- 
uous mappings, that was rather restrictive and led him to the necessity to 
combine a geometric construction with an additional algebraic construction 
with some elements of free groups. Then more natural approach was pro- 
posed by J. Milnor in the class of Sobolev mappings. Later on they were 
generalized for real and complex fiber bundles [4]. Previously loop groups 
were considered as classes of mappings from the unit circle S 1 into a real or 
complex fiber bundle with a parallel transport structure. For spheres iter- 
ated loop groups were considered using reduced products of copies of circles. 
Recently they were generalized as wrap groups for rather common manifolds 
and fibers over the real and complex fields, the quaternion skew field and the 
octonion algebra [27, 25, 22, 23], where also some new structural theorems 
were proved. In the latter work Sobolev classes of smoothness were used. 
For general manifolds different from circles and spheres earlier geometric 
interpretation is already lost, so such groups were called wrap groups. 

For manifolds over non-archimedean fields of zero characteristic loop 
groups were defined and investigated in [18, 19, 26]. But for non-archimedean 
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fiber bundles they were not yet studied. 

In this paper wrap groups are defined and studied for fiber bundles. These 
fiber bundles are considered over infinite fields with non-trivial ultra-norms. 
Then Cayley-Dickson algebras over such fields are also considered. Fiber 
bundles over them are introduced. For such fiber bundles geometric wrap 
groups are constructed as well. Their structure is investigated. Such inves- 
tigation is motivated by the following reasons. Geometric loops are used in 
quantum field theory and they were introduced by Wilson and his followers 
in physics, for example, to describe confinement of quarks [40, 8, 12]. 

Non-archimedean functional analysis and quantum mechanics develop in- 
tensively in recent times [32, 38]. This is stimulated by several problems. One 
of them consists in the divergence of some important integrals and series in 
the real or complex cases and their convergence in the non-archimedean case. 
Therefore, it is important to consider non-Archimedean wrap semigroups and 
groups, that are new objects. There are many principal differences between 
classical functional analysis (over the fields R or C) and the non-archimedean 
one [32, 34, 39]. 

The notions of wrap groups and semigroups in the non-archimedean case 
are used here in analogy with the case of manifolds over the real field R, but 
their meaning is quite different, because non-archimedean manifolds M mod- 
eled on ultra-normed spaces are totally disconnected with the small inductive 
dimension ind(M) = (see §6.2 and Chapter 7 in [7]) and real manifolds are 
locally connected with ind(M) > 1. In the real case loop and wrap groups 
G are locally connected for dim^M < dim R N, but in the non-archimedean 
case they are zero- dimensional with ind{G) = 0, where 1 < dim-RN < oo is 
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the dimension of the tangent Banach space T X N over R for x G N. 

In this article wrap groups and semigroups are considered. The wrap 
semigroups of manifolds are quotients of families of mappings / from one 
non-archimedean manifold M into another iV with Yim x ^ so & v f(x) = for 
< v < t by the corresponding equivalence relations, where sq and yo = are 
marked points in M and N respectively, M = M \ {sq}, $ v f are continuous 
extensions of the partial difference quotients Besides locally compact 

manifolds also non-locally compact manifolds M and N are considered. More 
generally differentiable spaces modeled on locally convex non-archimedean 
spaces are also considered. Then differentiable fiber bundles with a parallel 
transport structure are introduced and for them wrap groups are defined and 
investigated. Particularly groups of continuous wraps are also considered. 
We consider fibers over different infinite ultra-normed locally compact and 
non locally compact fields of zero and positive characteristics. 

In this article over non-archimedean fields apart from works of others au- 
thors over the fields of R or C we do not impose an additional condition on 
an operator of a parallel transport structure related with tangent vectors. 
The latter was used that to bind the parallel transport with the covariant 
differentiation on a classical manifold. It was useful for geometric interpre- 
tations and for physical applications. In the present work we elaborate more 
general construction without such restriction using an abstract parallel trans- 
port structure taking values from a structure group of a fiber bundle. This 
produces wider family of considered objects of wrap groups. In the future 
work we plan to bind this with geometry and physical applications over in- 
finite fields with non-archimedean multiplicative norms imposing additional 
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conditions on the parallel transport structure. 

It is demonstrated that for differentiable spaces wrap groups are com- 
mutative. For fiber bundles with non commutative structure groups wrap 
groups are generally non commutative. 

Semigroups and groups of wraps are investigated in §3. 

The wrap groups are generally non locally compact and have a structure 
of differentiable groups modeled on differentiable spaces, which may be in 
particular continuous spaces and groups. The main results of this paper 
are obtained for the first time and are given in Theorems 3.3, 3.6, 3.11, 
Proposition 3.13 and Corollaries 3.5, 3.8 and 3.9. 

2 Non-archimedean fiber bundles. 

To avoid misunderstandings we first present our definitions and notations. 

1. Remark. Let A be an algebra with unit 1 over a field K and S be 
some element of K different from zero. Suppose that A is supplied with a K 
linear mapping x \-t x* being an involution such that 

(1) (x*)* = x, x + x* = tr(x) e K, xx* = n(x) e K. 

We take the direct sum of K linear spaces A 1 := A © A and define the 
multiplication: 

(2) (ai, 6i)(6i, b 2 ) = (ai6i - 5b 2 a* 2 , a*b 2 + ha 2 ) 

for each a±, a 2 , &i, b 2 G A. This multiplication supplies A\ with the algebraic 
structure. Certainly, the initial algebra A is embedded as the subalgebra into 
Ai, 

(3) A 3 x ^ (x, 0) e A u (ai, a 2 )* = (aj, -a 2 ); 
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(4) tr(ai, a 2 ) = tr{a\), n(aia 2 ) = n(ai) + Sn(a 2 ). 

This doubling procedure applied by induction gives a sequence of embed- 
ded subalgebras K =: Aq ^ Ai ^ A 2 ^ As ^ .... Henceforward, we 
consider commutative fields K. Cayley-Dickson algebras A r with r < 3 are 
alternative: 

(5) a(bb) = (ab)b and b(ba) = (bb)a for all a, b G ^.3, moreover, the 
quadratic form n(x) is multiplicative 

(6) n(ab) = n(a)n(b) for all a,b G ^.3. 

In this case the algebra Ai(a) is commutative, the algebra A 2 (a,(5) 
is associative and is called the algebra of (generalized) quaternions. The 
Cayley-Dickson algebra A 3 (a, A 7) is alternative and simple with the center 
Z(A 3 ) = K. But generally the Cayley-Dickson algebra A3 is non-associative. 

It is possible to take as Ai an algebra with a basis {l,u} and with the 
multiplication u 2 = u + a, where a G K, 4a + 1 7^ 0, and with the involution 

1* = 1, M* = 1 — U. 

We consider fields K of characteristic char(K) 7^ 2. In this case the 
Cayley-Dickson algebra As has a basis of generators {1,-Ui, u 7 } so that 

(7) 1* = 1, Uj = -Uj for every j = 1, 7, u\ = -q u u\ = -q 2 , u\ = -q 3 , 
ul = -9192, u\ = -qiq 3 , u\ = -q 2 q 3 , u 2 = -qiq 2 q 3 , uiu 2 = u 3 , u x u A = -u b , 

U 2 U4 = —Uq, U\Uq = = —U 2 Us = — U-j, lUj = Ujl = Uj and UjUk = —UkUj 

for each 1 < j 7^ k, where q±,q 2 ,q 3 G K (see [6, 33]). In more details 
this algebra is denoted by A 3 (qi,q 2 ,q 3 ) and its subalgebras are denoted by 
A 2 (qi, q 2 ), Ai(qi). The Cayley-Dickson algebra A 3 has the division property 
ab 7^ for each non zero elements a, b G A 3 \ {0} if and only if the quadratic 
form n(b) is non zero on .4.3 \ {0}. 
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Henceforth, we consider the Cayley-Dickson algebras As(qi, q2, (fe) so that 
they are alternative with the division property if something other is not 
specified. This implies that G : = A$(qi, q2, ^3) \ {0} has the properties (Gl — 
G4): 

(Gl) there is a binary operation ab e G for all a,b e G; 

(G2) lb = bl = b for all b G G, that is 1 = e is the unit element; 

(G3) each a e G has the inverse element gT 1 so that a~ x a = aa~ l = e; 

(G4) (a6)6 = a(bb) and 6(6a) = (66)a, (ab)b^ = a and 6 _1 (6a) = a for all 

Property (G4) is called an alternativity, or a weak associativity. For usual 
groups the axiom (G4) is replaced on the associativity: 

(G5) (ab)c = a(bc) for all a,b,cE G. 
We shall call G an alternative (or weak associative) group, when it satisfies 
Conditions (Gl — G4). A usual group satisfies (Gl — G3,G5), so that Con- 
dition (G4) follows from (G5). For short we call a group G in both cases, 
when a situation is clear. 

It is necessary to note that an object is known which is called a path 
group (a group of paths) at first introduced in physical literature and then in 
mathematical. This term does not mean an algebraic group or a topological 
group, because compositions are defined not for all elements, that is only 
properties (G2, G3) are fulfilled for the path group while (G1,G5) may be 
satisfied for definite combinations of elements only. Wrap groups compose the 
main subject of this paper such that they will satisfy (Gl — G5) or (Gl — G4). 

2. Definitions. We consider an infinite field K with a non trivial non 
archimedean normalization. We suppose also that X and Y are topological 
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vector spaces over K and U is an open subset in X . For a function / : U — >■ Y 
we consider the associated function 

fW(x,v,t):= [f(x + tv)-f(x)]/t 
on a set at first for t 7^ such that := {(x,i>,i) : (x,v,t) G 
X 2 x K;i 6 + G [/}. If the function / is continuous on U and 
/W has a continuous extension on U [1 \ then we say, that / is continuously 
differential) le or belongs to the class C 1 . The K-linear space of all such 
continuously differentiable functions / on U is denoted C^(U, Y). Then we 
define by induction functions /I n+1 ] := (/N)W and their spaces C^ n+1 \U, Y) 
for n = 1,2,3,..., where := /, f n+1 ^ G C' n+1 ](£7, Y) has as the domain 
Jjln+l] ._ (f/M)[i] ) yM — . x n /. 

At the same time a differential d/(x) : X — > Y is defined as df(x)v := 

Define also partial difference quotient operators $ n by variables corre- 
sponding to x only such that 

&f(x;v;t) = fW(x,v,t) 
at first for t 7^ and if $ 1 / is continuous for t 7^ and has a continuous 
extension on £/W =: C/M, then we denote it by v; t). We define by 

induction 

® n+1 f(x;v 1 , ...,v n+1 ;t u ...,t n+1 ) := ^ 1 (^ n f(x;v 1 , ...,u„;fi, t n ))(x; u n+1 ; t n+1 ) 
at first for t x 7^ 0, t n+i 7^ on £/( n+1 ) := {(x; u n+ i; t x , ...,t n+1 ) : x G 

C/;i>i, ...,v n+1 G X;ti, ...,t n+ i G K;x + Di*i G [/, x + ^iti + ... + v n+1 t n+1 G 
[/}. If / is continuous on U and partial difference quotients $ 1 /,...,$ n+1 / 
have continuous extensions denoted by Q 1 /,..., $ n+1 / on U^\...,U^ n+1 ^ re- 
spectively, then we say that / is of class of smoothness C n+1 . The K linear 
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space of all C n+1 functions on U is denoted by C n+1 (U, Y), where $ / := /, 
C°(U, Y) is the space of all continuous functions / : U — >■ Y . 

Then the n-th differential is given by the equation d n f(x).(v 1 , ...,v n ) := 
n\® n f(x;v 1: ...,v n ;0,...,0), where n > 1, also denote D n f = d n f. Shortly 
we shall write the argument of as x^ G and of $ n / as x^ G [/( n ), 
where a^ ' = = x, a;' 1 ' = rr^ = (x,t>,t), = — v, ti — t, x 1 ^ = 
( x [k-i]^ v [k-i]^ tk j for eac fa ^ > i- X W ■— (x;v±, ...,v k :,ti, ...,t fc ). 

We denote by CJ?(U, Y) or C^(U, Y) respectively subspaces of uniformly 
C n or bounded continuous functions together with or T h f on 
bounded open subsets of U and or for /c = 1, ...,n. These spaces of 
differentiable functions were investigated in details in [28, 17]. 

We denote by L(X, Y) the space of all continuous K-linear mappings 
A : X — > Y. By L n (X® n ,Y) we denote the space of all continuous K n- 
linear mappings A : X® n ->• Y, particularly L(X,Y) = L^X® 1 ^). If X 
and Y are normed spaces, then L n (X® n ,Y) is supplied with the operator 
norm: ||A|| := sup hl?tOv .. )W0 . hlv .. )ftti6JC \\A.(h u h n )\\ Y /(\\h 1 \\ x ...\\h n \\ x ). 

3. Definitions. Suppose that M is a manifold modeled on a topological 
vector space X over K such that its atlas At(M) := {(Uj, M4>j) '■ 3 £ ^-m} 
is of class C?', that is the following four conditions are satisfied: 

(Ml) {Uj : j G A M } is an open covering of M, Uj = uUj\ 

(M2) U jeAM U 3 = M- 

(MS) M<t>j '■= 4>j '■ Uj — > <f>j(Uj) is a homeomorphism for each j G Am, 
<t>j(Uj) C X, every <f>j(Uj) is open in X; 

(M4) 0j o e Cp on its domain for each U { fl [/,- 7^ 0, 
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where A M is a set, C°° := H/=i Cj, C^ 1 := «' G {n, [n] : 1 < n < 

oo},/3e{0,&},C "':=C«'. 

Supply Cp{U,Y) with the bounded-open topology denoted by r a>( g 
generally or r a for /3 = (or for compact [/) with the base 

(SI) W(P, V) = {/ e C$(X, Y) : 5 fe /|p e V, k = 0, .., n} 
of neighborhoods of zero, where P is bounded and open in U G X, P G U, 
V is open in Y, G V, = <S fc or S' fe = T fe for a = n or ct = [n] respectively, 
Vi, v n G (P — yo), vf 1 G (P — yo) for each k, I for some marked y G P and 
\tj\ < 1 for every j. 

If M and N are C?' manifolds on topological vector spaces X and Y 
over K respectively, then let us consider the uniform space C^(M,N) of all 
mappings / : M — >■ TV such that G on its domain for each j G A N , 
i G A M , where fj ;i := ^4>j ° / ° i s with values in Y, a < a'. The 

uniformity in Cg(M,N) is inherited from the uniformity in Cg(X, Y) with 
the help of charts of atlases of M and iV. If M is compact, then C^(M, N) 
and C a (M,N) coincide. 

The family of all homeomorphisms / : M — > M of class is denoted by 
Diffp(M). 

Let 7 be a set, then we denote by c (7,K) the normed space consisting 
of all vectors x = {xj G K : j G 7, for each e > the set {j : \xj\ > 
e} is finite }, where 

(ATI) ||x|| := sup ie7 \xj\. 
In view of the Kuratowski-Zorn lemma it is convenient to consider 7 as an 
ordinal. Henceforth, suppose that X = cq(7x,K) and Y = c (7y,K). 
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As a generalization let X = co(j,Ar) be a normed space over A r = 
A r (qi, q r ) consisting of all vectors of the form x = {xj G A r : j G 
7, for each e > the set {j : \xj\ > e} is finite }, where 

(N2) \\x\\ := supj 67 \xj\ r , where 1 < r < 3 (see §1), 

(iV3) \xj\ := \xj\ r := max fc= o,...,2'--i \kXj\, Xj = oXjU + ... + 2 r -iXjU 2 r-i, 
kXj G K for all k,j, Uo = 1, {^o, •••,M2'--i} is a basis of generators of A r . 

By a vector space X over ^4. r we shall undermine the direct sum X = 
oXoUo © ... © 2 r -\Xu<2,r-i, where oX, 2 r -\X are pairwise isomorphic linear 
spaces over a field K, 1 < r < 3. That is the following conditions (LI — LA) 
are satisfied: 

(LI) X is the additive commutative group, 

(L2) a(x + y) = ax + ay and (x + y)a = xa + ya, 

(L3) (a + b)x = ax + bx and x(a + 6) = xa + xb for all a,b <E A r and 

rr,y G X, 

(LA) (ab)ox = a(box) and ox(ab) = (oxa)b for all a,b £ A r and G qX. 

We consider a vector space X over ^4 r supplied with a topology r with 
jointly continuous operations of addition of vectors X 2 3 (x,y) t-> x + y G X 
and their multiplication ^4 r x X 3 (a, x) i— >■ ax G X and i r xl9 (a, x) >->■ 

G X on scalars from ^4 r relative to r and the norm topology \a\ = \a\ r in 
A r . Such X is called a topological vector space. 

The algebras A\ and ^4 2 are associative and for them Conditions (LI, L3, LA) 
imply that (ab)x = a(bx) and x(ab) = (xa)b for all x G X and a, b in Al 
or A respectively, when 1 < r < 2. Moreover, over A\ the multiplication 
on scalars is commutative so that we can consider the equality ax = xa for 
all a G Ai and x G X, when r = 1. Thus each vector space over A r with 
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1 < r < 3 is also a vector space over the initial field K = Aq. 

We mention also that algebras A r are finite dimensional over K and 
additions and multiplications and taking of the conjugate a i— > a* in them are 
continuous relative to the norm \a\ = \a\ r . If r < 3, then by our convention 
of §1 n(a) = aa* = a*a G K and a^ 1 = a* /n(a) for a ^ 0, since a* = a for 
each a G K. This implies that for the considered Cayley-Dickson algebras 
the inversion A3 \ {0} 9a4 cT 1 G .A3 \ {0} is also continuous. 

The family of all continuous A r — additive K-linear mappings A : X — > Y 
for topological vector spaces X and Y over ^4 r we denote by K q {X, Y), 1 < 
r < 3. Their subfamily of right A r — linear mappings A( xb) = (A x)b for 
all 0^ G 0-^ an d 6 G ^4 r we denote by K r (X, Y) or L(X, Y). The subfamily 
of all left A r — linear mappings A(box) = b(A x) for all 0^ G 0-^ and 6 G ^4 r 
will be denoted by K t (X,Y). Certainly that over Ai these spaces coincide 
K r (X, Y) = Ki{X, Y) = K q (X, Y), since the algebra Ai is commutative and 
associative. 

Each topological vector space X over A r with 1 < r < 3 is a topological 
vector space X K over a field K as well. So by a manifold M modeled on 
X we shall undermine the corresponding manifold Mk modeled on Xk such 
that a class of smoothness Cp of M is that of M K , but with one additional 
condition: 

(M5) each differential d((f)j o (p^^x)) is a right A r — linear operator, that 
is, it belongs to L(X, X) for each x in its domain for each Ui fl Uj 7^ 0. 

Therefore we obtain also as in §3 above uniform spaces C^(M,N) for 
manifolds M and N modeled on topological vector spaces X and Y over Ar 
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with 1 < r < 3. Certainly the uniformity in C2(M, N) is inherited from the 
uniformity in Cp{X, Y) with the help of charts of atlases of M and N. 

4. Plots. Since the Cayley-Dickson algebra A3 is non-associative, we 
consider a non- associative subgroup G of the family Mat q (0) of all square 
q x q matrices with entries in A3. More generally G is a group which has 
a Cp manifold structure over A r and group's operations are Cp mappings 
(see also §1), where < r < 3. Such groups G we call also a Lie group 
over A T - In particular, it may be a multiplicative or and additive subgroup 
oiL(X,X) (see §3). 

As a generalization of manifolds we use the following (over R and C see 
[9, 35]). We adopt that a subset C of a vector space X over A r is called A r 
absolutely convex if ax + by and xa + yb G C for all x,y G C and a, 5 G A r 
with |a| < 1 and |6| < I. Translates (z + C) of absolutely A r convex sets C 
are called Ar convex, where z G X. A topological vector space X over Ar is 
called locally ^4 r convex if it has a base of A r convex neighborhoods of zero. 

Let X, Y be topological vector spaces over A r , < r < 3, particularly 
Aq = K. Suppose that M is a Hausdorff topological space supplied with a 
family Vm '■= {h : £/ — >■ M} of the so called plots ft, which are continuous 
maps satisfying conditions (Dl — D5): 

(Dl) each plot has as a domain an A r convex subset U = \JJ in X; 

(D2) if h : U — > M is a plot, F is an ^4 r convex subset in Y and p : V — ?■ U 
is an Cp mapping, then h o g is also a plot; 

(-D3) every constant map from an A r convex set U in X into M is a plot; 

(D4) if U is an ^4 r convex set in X and {Uj : j G J} is a covering of {/ 
by A r convex sets in X, each Uj is open in U, h : U — > M is such that each 
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its restriction h\uj is a plot, then h is a plot. We suppose of course that 

(D5) the family of subsets /ifc(£4) which are ranges of plots, k G Am for 
all plots h k of M forms a covering of M, but not necessarily open, where \ M 
is a set. 

Then M is called a (72-differentiable space. 

A mapping / : M — >■ A between two C^-differentiable spaces M and iV 
is called Cp differentiate if it continuous and for each plot h : U — >■ M the 
composition / o h : U — > N is a Cp plot of iV. 

To supply a family of Cg(M,N) mappings between Cp differentiate 
spaces with a uniformity we use the following particular case. We sup- 
pose that M and N have families of plots 7m = {hf G Vm '■ j G Am} 
and Tn = {hf G Pat : j G A at} correspondingly, so that domains of plots 
hf(Uf) and h%(Uj?) for M with j G A M and N with fc G respectively 
form coverings of M and N satisfying Conditions (D6 — D8): 

(D6) hf : Uf ->• /if (E/f ) and : C/f -> /if (£/f) are bijective for all 
j G A M and k <E A N , where A M C Am and A^r C A^ are subsets; 

(D7) transition mappings (/i^)" 1 o hf and (/if)" 1 o h% are C| differ- 
entiable mappings on their domains for each hf(U t M ) fl hf (C/f ) 7^ and 
/if (C/f) H /^(C/f ) ^ with /, j G Am, s, k G A w ; 

(I?8) supply M and A with topologies t p ^m and r Pj jv having bases hf(V) 
for each V open in C/f and every j G A M for M, while h^ (V) for each V 
open in and every k G A^ for A correspondingly. 

Then we form atlases for (M, t Pi m) and (A, t PjN ) with (generalized) charts 
(/if (C/f ), (/if)" 1 ) and (h%(U£), (h^)' 1 ) with j G A M and /c G Ajv respec- 
tively. 
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Thus we get the uniform space Cg(M,N) using transition mappings be- 
tween (generalized) charts as in §3. That is Cp{M,N) consists of all map- 
pings / : M —¥ N such that f k j G Cp on its domain for each k G A N , j G A M , 
where f k j := (h^)' 1 o f o hf is with values in Y, a < a'. Here Uf 1 is con- 
sidered as open in the vector space Xj := span^Uj 1 . For this we supply Xj 
with a base of topology generated by neighborhoods of zero \(W — x) for each 
x G Uf* so that Uf 1 is absolutely convex in X, W is open and bounded in 
relative to the topology in Uf 1 inherited from X, A G A r with < |A| < 1. 
The uniformity in Cp(M,N) is inherited from the uniformity in Cp(X,Y) 
with the help of (generalized) charts of atlases of M and N. This means that 
a base of entourages of the diagonal (see also Chapter 8 in [7]) in C%(M, N) 
is formed by sets {/, g G C^(M, N) : (f u - g hj ) G W(P, V) V/}, where P is 
a bounded open subset in U^ 1 and V is an open neighborhood of zero in Y, 
j G A M and I G A N . In C$(U, Y) the base W(P, V) was defined in (Bl) §3. 

A topological group G is called an C^-differentiable group if its group 
operations are C^-differentiable mappings. 

5. Transformation groups. A pair (G, F) is called a transformation 
group acting from the left if the following four conditions are satisfied: 

(Tl) G is a Cp differentiable group over A r , where a number r is supplied, 
< r < 3; 

(T2) F is a Cp differentiable space over A r ; 
(T3) a Cp mapping (g, x) G G x F -» prr G F is given; 
(T4) for each g E G aCp mapping Z s : F — y F is defined so that = g'x 
and l g eDiff$(F),l gh = l g ol h . 
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If Igh = lh°lg, then G acts on F from the right. In particular, if G is a Cp 
Lie group and iV is a Cp manifold, then (G, F) is called a Cp transformation 
Lie group. 

A transformation group (G, F) with l g = id F for each g E G is called 
trivial, where idp{y) = y for each y £ F. Contrary, when l g = idp if and 
only if g is a unit element of G, g = e, the transformation group G is called 
effective. 

6. Fiber bundles. 

Let E, N, F be all either C^'-manifolds or C^'-differentiable spaces over 
A r with < r < 3. Certainly a manifold is a particular case of a differentiable 
space. Let also G be a Cp group over Ar, a < a' < oo. We suppose that a 
projection tt : E — y N is given together with an atlas * = {^j} of E so that 

(Fl) to each chart ipj E \& an open subset Vj in is counterposed and 

(F2) the mapping ^ : 7r~ 1 (V 7 ) -> Vj x F is the Cf' diffeomorphism so 
that ^(tt" 1 ^)) = {x} x F: 

pry . o^j =7r| ff -i ( ^.), 
where pr v .(x x y) = x for each x E Vj and y E F; 

(F3) a system of open subsets {V} : j G J} forms a covering of N. We 
get from (Fl — F3) that ?t : E — y N is open and surjective. Moreover, 

(F4) the mapping ipj :X = pr F o tpj\ n -i( x ) : 7r _1 (x) — y F defines the Cq 
diffeomorphism of the fiber F x := n^ 1 (x) on the typical fiber F, where prp : 
(x x y) = y for all x E Vj and y E F. 

Using restrictions of mappings ipj we can choose Vj as domains in iV either 
hj(Uj) of plots from Tn (see §4) in the case of the differentiable space or of 
charts in the case of the manifold. Thus either plots or charts on iV x F are 
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transferred by ^ - 1 onto plots or charts respectively on re 1 (V 7 ). 
Let E * and Vj n V fe 7^ 0. In view of (F4) 

(F5) for each x E Vj fl V k the mapping is defined: g jjk : Vj fl V k 3 x >->■ 
9j,k( x ) = ^k,x V^x e Diffg'(F). That is to each point rr G V} fl V fe a 
diffeomorphism of F corresponds. Moreover, these mappings gj jk satisfy the 
following conditions: 

(F6) ^-,fc(a;) = (tfkjfa)) -1 , gjj(x) = id F , where = V for each y E F, 

9i,j( x ) = 9i,k( x ) flW^) for each x EVOVjOVk, 

(F7) a Cg' differentiable transformation group (G, F) is given so that 
9j,k{ x ) £ G for each x E Vj fl V^, when V k C\Vj ^ 0, gjj(x) = e E G, where e 
denotes the unit element in G, also l gjk ( x ) — ipj,x V'fc'z ( see §5 as well). 

If Conditions (F1-F7) are satisfied then E(N, F, G, 7r, *) is called a fiber 
bundle with a fiber space F, a base space N, a typical fiber F, projection n 
and a structural group G over A r , and an atlas ^, while the mappings gj tk 
are called the transition functions. 

Local trivializations <f>j o tc o ^I^ 1 : V k (E) — y Vj(N) induce the Cg - 
uniformity in the family W of all principal Cg '-fiber bundles E(N, F, G, tc, \I>), 
where V k (E) = * k (U k (E)) C X(N) x X(F), V 3 {N) = 4>j{Uj{N)) C X(N), 
where X(F), X(G) and X(N) are A r - vector spaces on which F, G and N 
are modeled, (U k (E), fy k ) and (Uj(N), <pj) are either ranges of plots or charts 
of atlases of E and N, ^ k = *f , <j> 5 = (fif (see also §4). 

If G — F and G acts on itself by left shifts, then a fiber bundle is called 
the principal fiber bundle and is denoted by E(N,G,tc,^). As an example 
a multiplicative group G = A* may be, where A* denotes the multiplicative 
group A r \ {0}. If G — F — {e}, then E reduces to N. 
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3 Wrap groups and semigroups. 

1. Parallel transport structure. Let clx(A) denote the closure of a 
subset A in X. Let M and M be two Cp' differentiate spaces over A r 
(see Conditions 2A(D1 — D8) above), < r < 3, and with marked points 
{s 0iQ G M f : q = l,...,2k} and a C^'-mapping S : M ->• M, where M f 
is a subset defined below, such that the following conditions (SI — S5) are 
satisfied: 

(51) S _1 (a;) consists of one or at most finite number of distinct points 
for each x G M, we denote by Mf the set of all y G M so that y G E~ 1 (x) 
for some x G M with S _1 (a;) consisting of a finite number of distinct points 
more than one; 

(52) S is surjective and bijective from M \ Mf onto M \ Mf open in M, 
5(s , g ) = 2(s ,fe+ 9 ) = So, g for each g = 1, fc, where M/ := E(Mf); 

(53) for each point x G M or y G M there exist ranges of plots h^(V) 
and h^(U) being open neighborhoods of a; and |/ respectively in M and M so 
that V and C/ are v4. r convex in a topological vector space X over ^4 r on which 
M and M are modeled so that : V — > h^(V) and h^-.U^r h^(U) are 
bijective; 

(£4) the closure r/ u .U = M of M in M is the entire M, where M : = 
{x E M : x <E }im(V) for some plot h G TJg of M with V open in X}; 
(Sh) M C M \ Mf. 

By span^ r V we denote a vector space consisting of all finite A r vector 
combinations of vectors from V and with multiplication on constants from 
A r , where the multiplications may be on both sides, when 2 < r < 3. 
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Mention that A r with r < 3 are division algebras and for matrices with 
entries in A r the Gauss' algorithm is accomplished, so they have ranks by 
rows and columns which coincide. This means that an A r vector indepen- 
dence and a dimension over A r are well-defined as it was outlined already by 
Dickson [6]. 

Put M := M \ {s ,g : q = 1, ...,&}. Here particularly manifolds M 
and M may be as well. 

A parallel transport structure on a C^'-differentiable principal G-bundle 
E(N, G, Ti, for Cf differentiable spaces M and M as above over the same 
field or an algebra A r , < r < 3, with a' > a assigns to each C?' mapping 
7 from M into N and points U\, ...,Uk G E yo , where yo is a marked point in 
N, yo = 7(so, g ), 9 = 1, — , a unique C| mapping P^ u : M —y E satisfying 
conditions (PI - PA): 

(PI) take 7 : M — y N such that 7 = 702, then P^^so,?) = for each 
q = 1, fc and 7r o P^, u = 7 

(P2) P^, jU is the C^-mapping by 7 and u; 

(P3) for each x G M and every 0G Diffg(M, {so,i, £0,2*,}) the equality 
P^ n (0(x)) = P^ jU (a;) is satisfied, where Diffg(M, {s ,i, £0,2*,}) denotes 
the group of all homeomorphisms of M preserving marked points </>(so,q) = 
s ,g for each g = 1, 2fc; 

(P4) P^ ;U is G-equivariant, which means that Pj >uz (x) = Py iU (x)z for 
every x G M and each z E G. 

Two Cg'-differentiable principal G-bundles Pi and P 2 with parallel trans- 
port structures (Pi, Pi) and (P 2 ,P2) are called isomorphic, if there ex- 
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ists an isomorphism h : E\ — > E 2 such that P 2 ^ tU (x) = fo(Pi ^ ,^-i( u )(^)) 
for each C^-mapping 7 : M — >■ A" and M g G (E 2 ) yo , where g = 1, 

/»"!(«) = (fc- 1 (« 1 ),...,fc- 1 (« Jfc )). 

2. Subspaces. For M = M \ {s ,g : q — 1, fc} either ranges hj(Wj) = 
Uj of plots for a C^' differentiable space M or an atlas At(M) of a C^' 
manifold M with charts ([/,-, (fij), j G Am we put 

(1) U l = U l \{s , q :q = l,...,k} 

for each I = 1, so that So, q G i7 9 for every q — 1, and either 

(2) /i ? = /igl^ with W g = WgXhg 1 ^^) or 0/ = 4>i\ Ut for all g, / = 1, k; 

(3) C/j = Uj and 0j = <j>j for each j > k, {s 0)(? : g = 1, A;} fl Uj = for 
each j > k; j <E A M = A M , where due to the Kuratowski-Zorn theorem [7] 
we can consider, that Am is an ordinal. 

Let the spaces be the same as in §2.3, 4 with the covering of M defined 
by Conditions (1 — 3). Suppose that M is modeled on X and A" on Y, 
where X and Y are A r vector spaces, < r < 3. Then we consider their 
subspaces of mappings preserving marked points relative to a given mapping 
9 G C£(M, N): 

(4) Cgf((M, { So , : ? = 1, .., *}); , l/o)) := {/ G C?(M, A") : 

lira n 5 m (/, J --e, J -)W(*i.-.*m)) = 
for each m G {0, 1, n}, Vj G Am, V/ G An, Vg = 1, fc}, 

where either 5 m = $ m or 5 m = T m for a = n or a = [n] respectively, an ar- 
gument is either wffa, t m ) = G u\*f for S m = $ m or w™{t u ...,t m ) = 
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4 m] € Uff for S m = T m , /H = T m /, where t u ...,t m E K, xfl = 
4 0) = x g = s 0l „ = if = (x„u,f), = =u,*i = f, iN = 
(a;^" -1 ', f ' m_1 ], t m ) for each m > 1, := (x g ; v i, t> m ; ti, t m ) so that 

is in a domain either ujf of $ m (/jj - 0^-) or uff of T m (/^ - 6 l:j ) 
correspondingly (see also §§2.2,3). For a = oo Condition (4) is imposed for 
each natural value of m. When points So, 9 and Dq are specified we can write 
shortly C$(M, N) instead of C^((M, {s 0q :q — l, .., k}); (N, y )). 

As usually a diffeomorphism group Diffff(M) of the differentiable space 
M consists of all surjective bijective mappings / from M onto M with / and 
f^ 1 belonging to the differentiability class Cp. We consider the following 
subgroup also: 

(5) Dif fp (M) := {/ E Diff«(M) : f(s , g ) = s , q Vg = 1, k}. 
We introduce also 

(6) the family Dip* (M) of all continuous mappings / from M into M so 
that the restriction f\^ on M is bijective and surjective from M onto M so 
that / and f' 1 belong to the class Cp and f(so, q ) = s 0:q for each q — 1, 
(see also §1, (S4,S5)). That is if / E Di^ (M), then /|^ e DiffjftM). 
We call such / a (generalized) diffeomorphism of a C?' differentiable space 
M, while Dip (M) we call a group of (generalized) diffeomorphisms of a 
differentiable space M preserving marked points s 0jq , q = 1, k. 

It is worth to mention that in the particular case when M is a Cp manifold 
with a < a' the family Dip (M) coincides with Diffp (M), since for the 
manifold M all charts 4>j(Uj) are open in X, so the set M is the entire M 
(see also §2.3). 

21 



The action of Di^ (M) on M induces isomorphism classes of Cp principal 
G fiber bundles with parallel transport structure for which mappings 7 : 
M -> N belong to the uniform space C^°((M, {s 0q : q = 1, .., fc}); (N,y )), 
where a mapping = w is constant: w (M) = {y } (see §1 and §2.6). 
We denote by (S M E) a ^ := (s-Af,{ao,,:«=i,-,*}£ ; (N,y ),G,~P) a: p a set of en- 
closures of all such isomorphism classes. 

Recall that a subset A of a topological space 5 so that A is dense in itself 
and closed in B is called a perfect set A [7] . 

A topological space X is called a T space if for each x ^ y E X there 
exists an open subset containing only one of these two points. A topological 
space X is called a Ti-space if for each pair of distinct points x 7^ y G X an 
open subset U of X exists so that x £ U and y ^ U. 

3. Theorems. 1. ^4 uniform space (S M E) a ^ from §2 exists and it 
has a structure of a topological T\ alternative monoid with a unit and with a 
cancelation property and a multiplication operation ofCi class with I = a' — a 
(I = 00 for a' = 00). If M, N and G are separable, then (S M E) at/3 is 
separable. If N and G are complete, then (S M E) a ^ is complete. 

2. If G is associative, then (S M E) a ^ is associative. If G is commutative, 
then (S M E) a ^ is commutative. If G is a Lie group, then (S M E) a ^ is a Lie 
monoid. 

3. The (S M E) at i3 is non-discrete, totally disconnected and infinite and 
non locally compact for non degenerate N. Moreover, if M and N and E are 
dense in themselves, then the (S M E) at/3 is topologically dense in itself and 
has the cardinality card[(S M E) a ^] > c := card(Q p ). 

Proof. We remind the following. Let Q be a set and T be a subset in 
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Q x Q. Then T is called a relation on the set Q. If T satisfies Conditions 
(E1-E3): 

(El) xTx for each x e Q, 

(E2) from xTy there follows t/Tx, 

(-E3) xTy and yTz imply xTz, then T is called an equivalence relation. 

We mention that each equivalence relation T on Q defines some partition 
of Q into non-intersecting subsets A x := {y G Q : xTy} being equivalence 
classes in Q relative to T. Thus 

(E4) Q = \J seS A s with A s n A„ = for each s 7^ u e 5, where 5 is 
the corresponding set, S C Q. Moreover, x and y E A s ii and only if xTy. 
Vice versa if a partition {A s : s e S} of Q into pairwise disjoint subsets A s 
is given, A s n A v = for each s ^ v E S, then it induces an equivalence 
relation T on Q so that xTy if and only if x and y E A s (see also [7]). 

If Q is a topological space and T is some equivalence relation on Q, 
then Q/T denotes a set of all equivalence classes in Q relative to T. Then a 
mapping q : Q — >■ Q/T exists posing to each point x G Q its equivalence class 
A x . This mapping q is called the quotient mapping. In a class of all topologies 
on Q/T relative to which the quotient mapping is continuous a finest exists: 
it is a family tq/ t of all subsets U in Q/T for which q~ l (U) is open. This 
topology tq/t is called the quotient topology. Moreover, (Q/T, tq/t) is called 
the quotient space, q is also called the natural quotient mapping or shortly 
the natural mapping (see also §2.4 [7]). 

Let Q and R be two topological spaces and let / : Q — > R be a continuous 
epimorphic mapping. It defines an equivalence relation T(f) on Q generated 
by a partition {f^ 1 (y) : y G R}. Then the mapping / can be presented as a 
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composition / = foq, where q : Q — > Q/T(f) is the natural mapping, while / 
is a mapping from Q/T(f) on R prescribed by the formula: / = y for 

each y G R. Evidently / is the bijective continuous mapping, but generally it 
need not be a homeomorphism. A continuous epimorphic mapping / : Q — > 
R is called a quotient mapping, if it is a composition of a natural mapping 
q : Q — > Q/T and some homeomorphism, that is an equivalence relation T 
on Q exists and a homeomorphism h : Q/T — > R so that f — ho q. 

The following proposition 2.4.3 [7] is useful. For a mapping / of a topolog- 
ical space A on a topological space B the following conditions are equivalent: 
(Ql) a function / is a quotient mapping, 
(Q2) a set / _1 (i7) is open in A if and only if U is open in B, 
(Q3) a set / -1 (C) is closed in A if and only if C is closed in B, 
(QA) a mapping / : A/T(f) — > B is a homeomorphism. 
We remind that a set A is directed if it is supplied with a relation < 
satisfying the following three conditions: 

(i) if x < y and y < z, then x < z; 

(ii) x < x for each x G A; 

(m) for each pair x, y G A an element z G A exists such that x < z and 

y < z. 

A subset A in a directed set A is called cofinal if for each x G A an element 
a G A exists so that x < a. A set A is ordered if (i, ii) are satisfied and the 
following: 

(iv) if x < y and y < x, then x = y. 

An element y of an ordered set A is called maximal if from y < x the 
equality x = y follows. If A is a set and V is some property of its subsets, 
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then V is of finite character if the void set has it, and a subset A C A 
possesses it if and only if each finite subset of A possesses it. 

At first we consider trivial bundles with G = {e}. So the equivalence 
relation introduced in §2 we denote by K a $ and it takes the form: 
f'K a ^g if and only if there exist nets 

G Di% Q {M) : nett}, 

{f n eC^°(M,N) : nett} and 

{g n G C%q°(M, N):nen} such that 

(1) f n (x) = g n (ip n (x)) for each x G M and lim/ n = / and lim# n = g, 

where /, g G C|^°(M, iV) and the convergence is considered in this space, is 
a directed set. Due to Condition (1) these equivalence classes < / >K,a,p are 
closed in C?'^°(M, N). Then for g G< / >K,a,p we write gK a ^f also. The 
quotient space C^°(M,N)/K a ^ we denote by (S M N) at/3 , where w (M) = 
{y }, 9 = w . 

Now we consider the wedge product A V B := p(£) be the wedge sum of 
pointed spaces (A, {ao, g : <? = 1, ...,&}) and {6 ,g : 9 = 1,.. .,&}), where 
2 := [i x {6 0j g : g = 1, k) U {a 0)(? : g = 1, k} x B] C A x B, p is & 
continuous quotient mapping such that p(x) = x for each x G Z \ {a ^ q x 
bo,j] Q,j = 1, k} and p(a 0>q ) = p(&o,q) for each q — 1, k, where A and B 
are topological spaces with marked points ao, ? G A and & 0)? £ B, q — 1, k. 
Then the composition go f oi two elements /, # G Cp^° (M, iV) is defined on 
the domain 

(Wl) M V M \ {s 0>q x s 0:q :q=l, k} =: M V M. 
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Let M = M \ {so, g : q = 1, ...,&;} be as in §1. In view of Conditions 
2.4(1)1 — D8) we can choose a refinement of an initial covering. 

We shall use the Teichmiiller-Tukey's lemma [7]. If A is a set, while V is 
a property of a finite order, then each subset A C A having this property V 
is contained in a set B also satisfying "P and B is a maximal element in an 
ordered by inclusion family of all subsets of A having the property V . 

The topological space (M, t P: m) is totally disconnected and it is not com- 
pact. By its construction the set M is open in M, since M = {J{V : /ijtj(V) 
is open in X for some plot h G Pm}, where Vu is a family of plots defining a 
C?' different iable structure of M (see also §3.1 above). Put A x = {x} for each 
x e M \ {s^ q :q = l, k} and [j k q=1 A SOq = M\(M\ {s , q : q = 1, fc}), 
each A S0i9 is clopen in M\(M \ {s , q : g = 1, fc}), A So 9 n A S(M = for 
each 1 < q ^ t < k. Such partition {A x } of M induces an equivalence rela- 
tion T in M (see above). Using the family of (generalized) diffeomorphisms 
Dip (M) and the quotient space M/T in case of necessity we can reduce our 
proof to the case, when classes of equivalent mappings are considered on M 
satisfying the condition 

(W2) M\(M\ { SOl(? : g = 1, ...,*}) = {s , q : g = 1, k}. 

We consider families which are bases of r p ^ open neighborhoods W v>q of 
marked points s ^ q in M, that is So, ? € M^,^. Each family {W 7 ^^ : f G \,m} 
is ordered by inclusion: W u>q < W V;Q if and only if W V;q C W^^. Each finite 
intersection of open sets is open. So we fix an infinite (generalized) atlas 

(2) At'(M) := {{U-A'j) : j e A} such that (p'j : U'j ->■ ^ are home- 
omorphisms on bounded ^4. r convex subsets Bj in X, each C/j is clopen in 
(M,t P! m), A is a directed set. Moreover, 

26 



(3) for each q G {1, k} and every u G \,m there exists v G A so that 
for each f < j G A either 

E/J C W UA or £// n W UA = 0. Then also 

(4) for each q a subset oo q C A exists so that c/^fUje^ ^j] is a clopen 
neighborhood of so,g i n M, where cl^A denotes the closure of a subset A in 
(M, t p m)- Property (4) follows from (2,3). The topological space (M, t Pi m) 
is not compact, hence 

(5) card{\) > card{Z) = N . 

In the wedge product MVMwe choose the following atlas 

(6) it'(M V M) — {(W,,&) : I e fi} such that & : W, ->■ C, are home- 
omorphisms, Cj = C^i V' C^, each C^i and Cj^ are bounded A r convex 
subsets in X, where we denote [(C^i U {^o,g : 9 — 1, k}) V (C^ U {a^o.g : 
q = 1, fc})] \ {^0,5 x ^o,g : Q — 1, • ^} = : Q,i V C; ; 2 for suitable distinct 
marked points a;o, g in X corresponding to so, q , n is a directed set; also 

(7) for each gi, g 2 G {1, k} and every Wi G \ u m and each w 2 G \ q2 ,M 
there exists t> G /i so that for each v < I <E fi either 

W, C W^ 1)?1 V W U2m or W, n (W uuqi V W U2)(?2 ) = 0. Therefore, 

(8) for each q 1 ,q 2 G {1, k} a subset z/ gii<?2 C /x exists so that c/mvm[U€i, 91i92 Wi] 
is a clopen neighborhood of so, gi V s 0tq , 2 in M V M, where cl^y^A denotes 

the closure of a subset A in (M V M, t p m x t p ,m)- We get property (8) from 
Conditions (6,7). Since the topological space (M V M,r Pt M x t p,m) also is 
not compact (see (Wl, W2) above), then the cardinalities of A and \x are the 
same, so we can choose u q and v qim so that 

(9) card(\ \ [j k q=1 u q ) = card{X\u qi ) = card(fi \ [j qi , q2 e{i,...,k} *w) = 
card(/i \ v qi , q2 ) > also card(u quq2 ) = card(u qi ) = card(u q2 ) > K for all 
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Qi,Q2 £ {!,•••,&}> where the product topology t p> m x t p ,m on M x M induces 
the corresponding topology on the subset M V M. We denote this topology 
on M V M by r PjM x r PjM or t p>MvM . Due to the Zermelo's Theorem [7] we 
can consider sets oj q and v qim as ordinals [u q ] and [i^ gijg2 ] of the same type 

KJ = K 2 ] = Ki.J for a11 9i, 92 e {1, -, 

In view of the Teichmiiller-Tukey's lemma we can choose consistent 
with U'^ V £/j 2 such that to fix a (generalized) C^'-diffeomorphisms x '■ M V 
M — >■ M satisfying the following conditions (10 — 12): 

(10) x(Wi) = IJ[ for each / G [i/ ?1;?2 ] Vgi, g 2 e {1, k} and 

(11) xW) = ^ for each I e \J 

v qi,q*)i wriere 

9l,92€{l,...,fc} 

(12) « : (ai \ (J U <",) 

gi,g 2 6{l,...,fc} g€{l,...,fc} 

is a bijective mapping (see also §2 above). This induces the continuous 
injective homomorphism 

(13) x* ■ C^°((MVM,{s 0m x s 0m : q u q 2 G {1, k}); (N, y )) 

-+ C^°((M, {s , q :q = l, fc}); (TV, y )) such that 

(14) X*(^V/)(x) = (^V/)(x- 1 ( a :)) 

for each x G M, where (gVf)(y) = f(y) for each ?/ G M 2 and (gV ' f){y) = g(y) 
for every y G Mi, Mi V M 2 = M V M, M t = M for % = 1, 2 are two copies of 
M. Therefore 

(15) </o /:=*•(</ V/) 

may be considered as defined on M also, that is, to g o / there corresponds 
the unique element in C^q°((M, {so, g : g = 1, fc}); (N,y )). 
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We have fty) G C^ ((M,{ So , g : g = 1, k}); (N, y )) for each / G 
C|; W0 ((M,{ S0ig : g = l,...,k});(N,y )) and V G Di% Q {M) due to Lemma 
9 and Corollary 10 in [28] applied uniformly by finite dimensional over K 
embedded into M differentiable subspaces with the corresponding (general- 
ized) atlases (see also [21, 24]). The diffeomorphism \ '■ M V M — > M is 
of class Cp , a' > a, and from Conditions 2(4,5) for /j G C?'^ ((M, {s , g : 
g = 1, fc}); (N,y )) it follows that for / = x*(fi V / 2 ) also Condition 2(4) 
is satisfied, since x fulfils Conditions (10 — 14). Moreover, < / >K,a,p 
° < 9 >K,a,p=< f ' V 9 >K,a,p for each / and g G C^°((M,{s , q : q = 
1, k}); (N,y )), since if f n (x) = f n (r} n (x)) and <jf n (a;) = g n (C, n (x)) for each 
x G M, then (f n Vg n )(x) = (f n (r]n) Vg n ((n))(x), where r?„ and ( n G Di^ fl (M). 
Hence the composition is continuous for the quotient space. 

In view of Conditions 2(4, 5) for each / G C^°((M,{s ,g : g = 1, k}); (N,y )) 
there exist nets {ip n : n G Q}, : n G fi} and {£ n : n G 0} in Di^ (M), 
{/„ : n G Q}, {w ,n : n G fi} and {(?„ : n G fi} in C^°((M, {s , g : q = 
1, fc}); (7V,y )) such that [iu 0>n V f n ](ip n V 77„(a;)) = SV>(Cn(x(z))), where 

(17) lim/ n = /, \img n = g, 

(18) limw ,n = w , f n (x) ^ y for each x G M, 

is a directed set. On the other hand, from lim„(/ n V g n ) — f V g it follows 
that lim„ f n = f and lim„ g n = We choose 

(19) {Cn : n G fi} so that for each open neighborhood U of {s , g : 9 = 
1, ...,&;} in (M, r„ ^) there exists m G H for which Cn(x([M x {s , g : g = 
1, k}] fl [M V M])) C C/ for every n > m in Q. 
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Using Formulas (10—15) and Conditions 2(4—6) we get < wo°f >K, a ,/3—< 
f >K,a,/3 and < w >K, a ,/3= e is the unit element in (S M N) a ^, since < 
/ >K, a ,fi ° < 9 >K, a ,p=< fVg >K, a ,p for each / and g G C^°((M, {s , g : 

g = l,...,fc});(JV, 2 / )). 

Let us consider now the general case of fiber bundles. If a homomorphism 
9 : G ->■ F of -differentiable groups exists, then an induced principal F 
fiber bundle (£ x e F)(N, F, vr e , ^ e ) is given with the total space (E x e F) = 
(E x F)/y, where y is the equivalence relation such that (vg, f)y(v, 9(g) f) 
for each v G E, g G G, f G F. Then the projection n e : (E x e F) ->■ 
N is defined by the equation n e ([v, /]) = 7r(i>), where [v,f] := {(«;,&) : 
(w, b)y(v, f),w E E,b e F} denotes the equivalence class of (v, f). 

This implies that each parallel transport structure P on the principal G 
fiber bundle E(N, G, 7r, \1/) induces a parallel transport structure P 9 on the 
induced bundle by the formula P? i u j](x) = [P^ )tt (x), /]. 

We define multiplication with the help of certain embeddings and isomor- 
phisms of spaces of functions. Mention that for each two Cp' diffeomorphic 
Cp differentiable spaces A and B in a topological vector space X over A\. 
the spaces Cp(A,Y) and Cp(B,Y) are isomorphic as topological A r vector 
spaces, where Y is also a topological vector space over A r , a < a', conse- 
quently, Cp(A,N) and Cp(B,N) are isomorphic as uniform spaces. Natu- 
rally we consider the space 

C$(M,{s 0tl ,...,s , k y,W,y ) := {(EJ) : E = E(N,G,n,V) G W, / = 
P^ € C| : vr o /( S0;? ) = yo Vg = 1, .., fc; 7T o / = 7, 7 G CJJ»(M, iV)} 
which is the space of all C?' principal G fiber bundles F with their parallel 
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transport C^-mappings / = P<y )2/0 in accordance with §2, where W is the 
same family of all principal '-fiber bundles E(N,G,ir,^) as in §2.6. Put 
Co> = (E ,P ) be its element such that 7o(M) = {yo}, where e G G denotes 
the unit element, E = NxG, Tr (y, g) = y for each y G N, g G G, P-y , u = Po- 
The mapping S : M — >■ M from §1 induces the embedding 

H* : C^(M,{ S o^---,so, fe };W,2/o) ^ C|(M,{s 0) i,...,so,2fc};W,yo). We 
consider the wedge product g\/f of two elements /, g G Gg ((M, {s ,i, s ,fc}); (iV, y )) 
which is defined on the domain M V M, where to /, g two mappings f\,gi G 
C£((M,{s ,i,...,s ,2fc}); (N,y )) correspond such that /i = / o S and #i = 

Suppose that (Ej,P^) G C^(M, {s ,i, • s , k }; W, y ), j = 1,2, then 
we take their wedge product P^ u i := P-y^u 1 V P-y 2 ,f on M V M with v q = 
u q92,q9i,q+k = 2/o x fi'i^+fc for each q = l,...,k due to the alternativity of G, 
7 = 7i V 72, where P^. jUJ (%),?) = y x ^ G for every j and q. For 
each 7j : M — > N a mapping 7,- : M — > Ej exists such that 71 o 7^ = 7^. 
We denote by m : G x G — >■ G the multiplication operation in the group G. 
The wedge product (E 1: P^ 1)U i) V (E 2 , Pj 2 ,u 2 ) is the principal G fiber bundle 
(Ei x £3) x m G with the parallel transport structure P^^i V P^,,,. 

Due to Conditions (10 — 14) and 2(4,5) we get the following embed- 
ding X * ■ C$(M V M,{s 0:q x So , g : q = 1, k}; W,y ) ^ C|(M, {s , q : 
g = 1, A;}; W, yo)- Therefore, g o f :— x*(f V flO is the composition in 

C^(M,{s 0) , :g = l,...,A;};>V,s/o). 

Generalizing the beginning of this section we define the following equiva- 
lence relation K a ^ in Cf(M, {s 0j(? : q = 1, fc}; W,y ): fK a ^h if and only 
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if nets r] n G Di% j0 (M), also f n and h n G C^(M,{s , q : g = 1, k}; W, yo) 
with lim n / n = / and \im n h n = h such that f n (x) = h n (rj n (x)) for each 
x G M and n G u>, where a; is a directed set and convergence is considered 

mC$(M,{s , q :q = l,...,ky,W,yo). 

Thus the following quotient uniform space 
C$(M,{s , q : q = l,...,k};W,yo)/K aiP =: (S M E) a>f} exists. 

We consider an element / = P^ )U as JoS -1 on M\ Mf, where ir o f = 7, 
7 = 7 o 5. We denote / o also by /. If M and A" and G are separable, 
then Cg(M, {s , g : g = 1, k}; W, yo) is separable, consequently, (S M E) a ^ 
is also separable. 

By our construction each equivalence class < / >K,a,/3 is closed in Cg(M, {s ,, 
q = 1, ...,k};W,yo). Therefore, each point g in (S M E) a ^ is closed in it. A 
topological space S is Ti if and only if each singleton (one-pointed set) {g} 
is closed in it (see §1.5 [7]). Thus the topological space (S M E) a ^ possesses 
the Ti separability axiom. 

The uniform space Cp(M, {s , ? : <? = 1, k}; W, yo) is complete due 
to Theorem 12.1.4 [31], when A" and G are complete. Each class of K a ^- 
equivalent elements is closed in it. Consider reparametrizations of elements 
/ of Cg(M, {s 0>q : q = 1, k}; W, yo) relative to the action />->■/ o 
V>, ^ e Di< j3,o( M )i of the family Di^ (M) on M. Then to each Cauchy 
net in (S M E) at/3 there corresponds a Cauchy net in Cp(M, {s ,g : <? = 
1, fc}; W, yo)- Hence (S M E) a ^ is complete, if A" and G are complete. 

If f,g G C£(M,X) and /(M) ^ y(M), then 

< f o ip — g >K, a ,p¥ z < u! x e >K,a,p fc> r each *0 G T)^ (M). Thus 
equivalence classes < / >K,a,/3 and < g >K,a,/3 are different. 
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The uniform space Cp(M, {so, g : q = 1, k}; W, yo) is totally discon- 
nected and dense in itself, when M and N and E are dense in themselves, 
since C^(M,Y) is such for each topological vector space Y over A r . Thus, 
the uniform space (S M E) a ^ is non-discrete and dense in itself. 

Take a restriction of E for a chosen (generalized) chart ((f> u , U) of E. In 
accordance with conditions on E there exists u G U such that V := (p u {U)—u 
is absolutely ^4 r convex, where is a topological ^4 r vector space on which 
E is modeled, (j) u : U — > X E . The subspace X E , U '■= clx E (span^ r V) we call 
the (generalized) tangent space at u G U to E. Then we can choose U so that 
n(U) —: Un and (<f> N , Un) is the chart of N, hence X N , y := clx N (spanA r V]y) 
is the (generalized) tangent space at y — ir(u) G Un to N, where Vn '■= 
4> n (Un) — y is absolutely ^4 r convex in a topological vector space Xjv on 
which N is modeled, ir : E — )■ N is the projection mapping of the fiber bun- 
dle. For non degenerate N the space X N , y has a dimension over A r not less 
than one. When a' > a + 1 the tangent bundle TC^(M, Ejj) is isomorphic 
with C%{M,TEu), where TE 1 ^ is the C^' _1 fiber bundle. There is an infi- 
nite family of f a G Cp(M,TEu) with pairwise distinct images in TE V for 
different a such that f a (M) is not contained in \Jp <a fp{M), a G A, where 
A is an infinite ordinal. Therefore, T(S M Eu) a ^ is an infinite dimensional 
fiber bundle due to (ii). We say that (S M E) a ^ is infinite dimensional over 
A r if for each (generalized) chart U of E the fiber bundle T(S M ' Ejj) a ^ is 
infinite dimensional over A T . For two fiber bundles E\ and E 2 which are 
Cp isomorphic the uniform spaces (S M E 1 ) a ^ and {S M E 2 ) a ,p are isomor- 
phic. Thus (S M ' E) a fi is infinite and non locally compact for each a' > a, 
since (S M Ejj)a,p is infinite dimensional over A r and there is an embedding 
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(S M Eu) a ^ > (S M E) a ^. 

Evidently, if / V g = h V g or g V / = g V h for {/, g, h} C C£(M, {s 0)(? : 
g = 1, A;}; W, y ), then / = /i. Thus X *(f V </) = X *(h V <?) or V /) = 
X*(<? V /i) is equivalent to f = h due to the definition of / V g and the 
definition of equal functions, since x* is the embedding. Using the equivalence 
relation K a $ gives < / > K ,a,p ° < 9 >K, a ,p=< h >K,a,p ° < 9 >K,a,p 
or < g > K ,a,p o < f > K , a ,p=< 9 >K,a,p ° < h >K, a ,/3 is equivalent to 
< >K, a ,p=< / >K,a,p- Therefore, (S M E) aj/3 has the cancelation property. 

The group G is alternative, so ^^[^(^g+fc^gai^+fc))] = o-2, q +k{<h^ a i,q+k) , 
hence Pi V (P 2 V P 2 ) = (Pi V P 2 ) V P 2 ; also a 2tq [a^l(a ltq+k (a^ l q a 1:q+k ))] = 
a liq+k (ai^a^ q+k ), consequently, Pi V (Pi V P 2 ) = (Pi V Pi) V P 2 and in- 
evitably for equivalence classes (aa)b = a(ab) and b(aa) = (ba)a for each 
a, be {S M E) a ^. Thus the {S M E) a ^ is alternative. 

Evidently MV(MVM) is (generalized) C^ -diffeomorphic with (M V 
M) V M (see 2(6)). 

If G is associative, then the parallel transport structure gives (/ V g) V 
h = f V (gV h) on M V M V M for each {/,#, h} C C|(M, {s , g : q = 
1, &;}; W, yo)- Applying the embedding x* an d the equivalence relation 
X Q)/3 we get, that {S M E) a ^ is associative < / >K,a,p °(< 9 >K, a ,p ° < 

h >K,a,p) = (< / >*>,/3 ° < 5 >K,a,/3)° < h >K,a,/3- 

Let w be a mapping u> : M — )■ PU such that w (M) = {y x e}. Consider 
w V (£,/) for some (E, f) e C%{M,{s , q : g = 1, fc}; W, y )- Suppose 
(E,f) G Cp{M, {s ,g : g = 1, ..,&;}; W, yo)- A net U n of open or canonical 
closed subsets in M exists such that f| n = {$o,q '■ Q = 1, A:}- We mention 
that for each marked point so,g i n M there exists a neighborhood [/ of so,<? in 
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M such that for each 71 G Cp((M, {so,g : g = 1, fc}); (N,y )) there exists 
72 G such that they are K a ^ equivalent and T2 1 1/ = 2/o due to Conditions 
2(4-6) and (10-15). 

A net rj n G Dip* fi (M) exists together with w n , f n G Cp(M, {s 0)9 : 9 = 
l,..,A;};>V,yo) with 

(20) lim n / n = /, lim n w„ = w and lim n x*(/„ V uy)^" 1 ) = f due to 
71" f( s o,q) — s o,q in the formula of difference quotients of compositions of 
functions (see also (17 — 19) above). Indeed, we can apply Lemma 9 and 
Corollary 10 in [28] uniformly by finite dimensional over K embedded into 
M differentiable subspaces with the corresponding (generalized) atlases. 

Therefore, wo V (E, f) and (E, f) belong to the equivalence class < 
{E, f) > K ,a,p:= {g G C${M, {s , q : q = 1, k}; W, y ) : {E, f)K a , p g} due to 

(20). Thus, < W >K,a,f3 ° < 9 >K,a,f3 = < 9 >K,a,f3- 

The Cp differentiable space (M V M) \ {s , g x s j : q,j = l,...,k} 
is open in M V M and has the C^-diffeomorphism ^ such that ip(x,y) = 
(y,x) for each (x,y) G ((M x M) \ {s ,g x Soj : — 1, •••,&})■ Suppose 
now, that G is commutative. Then (/ V g) o V ; l(MxM\{so, 9 x So , J :g,i=i,...,fc}) = 
5 V /|(MxM\{ s „,, XSOj : W =i,...,fc}). On the other hand, < / V w >K,a,p=< 

f >K,a,p=< f >K,a,p ° < W >K,a,/3=< W >K,a,fS ° < / >K,a,/3, hence, 
< f V 9 >K,a,/3=< f >K,a,/3 ° < 9 >K,a,(3 = < f V W >K,a,0 ° < w V 

£ >^,a,/3=< (/ V w ) V (wo V g) > K ,a,i3=< (w V #) V (/ V iu ) >x, a ,/3 due to 
the existence of the unit element < wo >K,a,p and due to the properties of 
ip. Indeed, take a net ip n as above. Therefore, the parallel transport struc- 
ture gives (g V f)(ip(x,y)) — (go f)(y,x) for each x, y G M, consequently, 



35 



(/ o g)K a>p {g o /) for each f,g G C|(M, {s 0>q : g = 1, ...,k};W,yo). The 
using of the embedding x* gives that {S M E) Kj0l ^ is commutative, when G is 
commutative. 

The mapping (f,g) ^ fVg from C£ (M, {s , ? : 9 = 1, -, W, y ) 2 into 
C£ (M V M \ {s 0l(? x s 0J : q,j = 1, £;}; W,y ) is of class C|. Since the 
mapping is of class Ca, then (/, g) h-> V g) is the Co-mapping. The 
quotient mapping from Cp(M,{s , q : g = 1, A;}; W, yo) into {S M E) K ^ 
is continuous and induces the quotient uniformity. On the other hand, 
T\S M E) K:a>/3 has embedding into (S M T b E) a>/3 for each 1 < b < a' - a, 
when a' > a is finite, for every l<6<ooifa' = oo, since E is the C?' fiber 
bundle, T b i? is the fiber bundle with the base space N. Hence the multipli- 
cation (< / > K ,a,fi, < 9 >K,a,f3>) ^< f >K,a,(3 ° < 9 >K,a,/3=< / V >K,a,fi 

is continuous in (S M E) a ^ and is of class C l p with I = a' — a for finite a' and 
I = oo for a' = oo. 

The topological spaces E and N are of cardinalities not less than c, hence 
card[{S M E) a ^} > c. 

4. Definition. The object (S M E) a ^ from Theorem 3 we call the wrap 
monoid. 

5. Corollary. Let <fi : Mi — >• M 2 o surjective Cp -mapping of 
differentiable spaces over the same Cayley-Dickson algebra A r , 1 < r < 3 ; 
or a field K = „4 , suc h that 0(si 5 o )(? ) = s 2,o,a(g) for each q — 1, fc 1; where 
{ s j,o,q '■ Q = !,•••,%} ar e marked points in Mj, j — 1,2, 1 < a < &2, 
Zi < fc 2 , /i := card 0({si,o, g : g = 1, fci}). T/zen i/iere exzsZs an induced 
homomorphism of topological monoids <fi* : (S M2 E) a ^ — > (S Ml E) a ^. If l\ = 
k 2 , then <fi* is the embedding. 
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Proof. Take Si : Mi — y Mi with marked points {si,o,g : Q — l,---,2/ci} 
as in §1, then take M 2 the same Mi with additional 2(k 2 — h) marked points 
{s2,o, q ■ q = l,~;2h} such that si j0 , g = s 2 ,o, q for each q = k 3 = 

ki + k 2 — h, then 0oSi := S 2 : M 2 —y M 2 is the desired mapping inducing the 
parallel transport structure from that of Ml. Therefore, each 72 : M 2 —y N 
induces 71 : Mi —y N and to P^ 2 , u 2 there corresponds P^^i with addi- 
tional conditions in extra marked points, where u 1 C u 2 . The equivalence 
class < (E 2 , P-y 2>u 2) >K, a ,/3^ (S M2 E) K , a ,/3 gives the corresponding elements 
< (£i,P^ 1)U i) > K ,a,p£ {S Ml E) K>a ^, since Di% {Mi, {s , 9 : q = 1, ...,2fc 2 }) C 
Di a p (Mi, {s 0)9 : g = 1, 2fc 3 }). Then 0*(< (£ 2 , P^„ 2 ) V (£1, P^y) > K ^ 
) = 0*(< (£ 2 ,P 72)U 2) >K, a ,^)<f>*(< (£'i,P^ 2jt ,2) >K, a ,/3), since f 2 o <f>(x) for 
each x G Si (Mi \ M/) coincides with fi(x), where fj corresponds to P lhyoX e 
(see also the beginning of §3). 

If h — k 2 , then Mi = M 2 and the family Dig (Mi) is the same for two 
cases, hence 0* is bijective and inevitably 0* is the embedding. 

6. Theorems. 1. An alternative topological Haus dor ff group {W M E) a ^ 
exists containing the monoid (S M E) a ^ and its group operation of Cp class 
is with I = a' — a (I = 00 for a' = 00). If M and N and G are separable, 
then (W M E) a fi is separable. If N and G are complete, then {W M E) a ^ is 
complete. 

2. IfG is associative, then {W M E) a ^ is associative. IfG is commutative, 
then (W M ' E) a fi is commutative. If G is a Lie group, then (W M E) a ^ is a 
Lie group. 

3. The group (W M E) a)/3 is non-discrete, totally disconnected and non 
locally compact for non degenerate N. Moreover, if there exist two different 
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sets of marked points so, q ,j in Mj, q = l,...,k, j = 1,2, then two groups 
(W M E) a ^j, defined for {s 0tQ j : q = l,...,k} as marked points, are isomor- 
phic. 

4. The (W M E) a ^ has a structure of an C^-differentiable manifold over 

Proof. If 7 G C$((M,{s , q : q = 1, k}); (TV, y )), then for u G E yo 
there exists a unique h q G G such that P^ iU (so,g+fc) = u q h q , where h q = 
g^gq+k, yo x g q = Pj,u(so,q), 9 q £ G. Due to the equivariance of the parallel 
transport structure h depends on 7 only and we denote it by h( E ' p )(7) = 
h(7) = h, h = (hi,..., hfc). The element 11(7) is called the holonomy of P 
along 7 and h^ ,p ^(7) depends only on the isomorphism class of (E, P) due 
to the use of the family Dip (M) and boundary conditions on 7 at So,g for 
q = l,...,2k. 

Therefore, h^^)^ 1 ^) = h (B 1) p 1 )^ h (^,p 2 )^ e Q k ? where Q k de _ 
notes the direct product of k copies of the group G. Hence for each such 7 
there exists the homomorphism (1(7) : (S M E) a ^ — > G k , which induces the ho- 
momorphism h : (S M E) a ^ -+ C°(C£((M, {s , g : q = 1, k}); (N, y )), G k ), 
where C°(A, G k ) is the space of continuous maps from a topological space A 
into G k and the group structure (hb)(7) = h(7)b(7) (see also [9] for S n ). 

We construct now (W M N) a ^ from (S M N) a ^. In view of Theorem 3 we 
have the commutative monoid (S M N) a ^ with the unit and the cancelation 
property. Algebraically a group associated with this monoid is the quotient 
group F/B, where F is the free commutative group generated by (S M N) a! p, 
while B is the minimal closed subgroup in F generated by all elements of the 
form [/ + <?] — [/] — [g] with / and g G (S M N) a ^, [/] denotes the element in F 
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corresponding to / (see also about such abstract Grothendieck's construction 
in [15, 36]). 

In accordance with Theorem 3 the monoid (S M N) a ^ is the topological 
Tx-space. In view of Theorem 2.3.11 [7] the product of Tj-spaces is the T x - 
space. On the other hand, for a topological group G from the separation 
axiom To it follows, that G is the Tychonoff space (see Theorems 4.2 and 8.4 
in [13] and also [7]). The latter means that for a topological group being T 
or Ti or Hausdorff or Tychonoff is equivalent. 

At the same time the natural mapping rj : (S M N) a ^ — y (W M N) a ^ is 
injective. We supply F with the topology inherited from the topology of 
the Tychonoff product (S M N)^ r, where each element z in F has the form 
z = E/ n fig G Z for each / G (S M N) a ^, £/ \n f;Z \ < oo. By the 
construction F and F/B are Ti-spaces, consequently, F/B is the Tychonoff 
space. In particular, [nf] —n[f] G B. We deduce that rj is the topological em- 
bedding, since rj(f+g) = r)(f)+r)(g) for each f,g& (S M N) atl 3, 77(e) = e, since 
(z + B) G i](S M N) a ^, when n/ ;2 > for each /, and inevitably in the general 
case z = z + — z~ , where (z + + B) and (z~ + B) G r](S M N) a ^. The uniform 
space (W M E) ay /3 has embedding as the closed subset into \(S M E)^] 2 . Thus 
if iV and G are complete, then (W M E) a ^ is the complete topological group, 
since the product of complete uniform spaces is complete (see Theorem 8.3.9 
[7]) and (S M E) a ^ is complete by Theorem 3 above. 

Using plots and transition mappings of (generalized) charts of iV 
and E(N,G,ir,fy) and equivalence classes relative to Dip (M) we get, that 
(W M E) a ^ has the structure of the C^-differentiable manifold, since a' > a. 

The rest of the proof and the statements of Theorems 6(1-4) follows from 
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this and Theorems 3(1-3) and [18, 23]. 

The monoid (S M Eu) a ^ is infinite dimensional over A r due to Theo- 
rem 3.3, consequently, (W M Ejj) a ^ is infinite dimensional over A r , when 
dim^ r (X u ) > 1 that is the case, since N is non degenerate. Thus (W M E) aj p 
is non locally compact. 

7. Definition. The object (W M E) a>/3 = ^w M ' {so ^ q=1 '-' k} E; N, G, P) a ,p 
from Theorem 6.1 we call the wrap group. 

8. Corollary. There exists the group homomorphism h : (W M E) a ^ — > 
C°(C$(M,{s 0>q :q = l,...,ky,N,y ),G k ). 

The proof follows from §6 and putting (7) = (h^(7)) _1 . 

9. Corollary. If Mi and M2 and satisfy conditions of Corollary 5, 
then there exists a homomorphism <p* : (W M2 E) a> p — > {W Ml E) a ^. Ifl\ = k 2 , 
then (ft* is the embedding. 

10. Remark. Each C?' manifold is a C?' differentiable space. Above 
differentiable spaces or manifolds modeled on topological A r vector spaces 
were considered. As a particular case of a topological vector spaces X may 
be a locally A r convex vector space. It is well-known that in this case its 
topology is equivalently characterized by a family of continuous ultra-pseudo- 
norms. 

We recall that a pseudo-norm v on X is called an ultra-pseudo-norm, if 
instead of the triangle inequality it satisfies the stronger condition: v(x + 
y) < max(v(x),v(y)) for all x,y G X. A locally A r convex space X is 
complete if and only if it is a projective limit of Banach spaces over A r , since 
X = qXuqQ)--- © 2 r -i^2 r -i for each 1 < r, where X, 2 r -iX are pairwise 
isomorphic locally K convex spaces (see [31, 32]). For r = these spaces 
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are usual K-linear spaces. We mention also that in an ultra-normed space 
X each two balls B(X,x,b) := {z e X : \\z — x\\ < b] and B(X,y,c) either 
do not intersect or one of them is contained in another, where < b, c < oo. 

Above different classes Cg of smoothness were considered. In particular 
for a = this simply reduces to the class C° of continuous mappings. For 
G = {e} there may a' — a also be. 

11. Theorem. For a wrap group W = (W M E) aj/ s (see Definition 7 
above) there exists a skew product W = W®W which is an Cp alternative 
group and there exists a group embedding of W into W , where I = a' — a 
(I = oo for a' = oo), E = E(N, G, it, is a principal G-bundle of class C^' 
with a 1 > a > 0. If G is associative, then W is associative. 

Proof. Suppose that W is a set of all elements (g\a\ (8)5202) G (W ®B) 2 , 
where B is a free non-commutative associative group with two generators a, b, 
ab 7^ ba, g±,g2 G W. Take in W the equivalence relation: 5152a 052^= g\es® 
ee#, for each g 1 , g 2 G W, where e and e# denote the unit elements in W and 
in B. Define in W a multiplication by the formula: 

(g x ai ® g 2 a 2 ) <§> (53^3 ® g^) : = ((^i^ 3 )(aia 3 ) <g> (0402)((ai ^ai)*^) 
for each 51, g 2 , 53, g^&W and every a±, 02, a 3 , 04 G B, hence 

(e (g) £?iai)<8)(e ® 5 2 a 2 ) = e ® (fi^iX^ai), 

(g-iai <g> e)®(5r 2 a2 ® e) = (5-152) (01^2) ® e, 

(<7iOi ® e)(g)(e ® 5-404) = 5iOi <8> 5 4 (aj~ 1 a 4 ai), 

(e ® 54a4)®(5iOi <8> e) := g±ai ® 5404. 
Thus this semidirect product of groups (W ® -B) ® s (VF ® _B) is non- 
commutative, since b~ x aba~ x 7^ e, where e := e x eg, Cg> s denotes the semidi- 
rect product, ® denotes the direct product. 

41 



We consider the minimal closed subgroup A in the semidirect product W 
generated by elements (g\g 2 a ® fl , 2&)®G?i e .B <S> ee^) -1 , where B is supplied 
with the discrete topology and W is supplied with the product uniformity. 
Then put W := W/A =: W(g)VF and denote the multiplication in W as in 
W. We get for W the group embedding 9 : g i— >■ (ge^ <8> e) into and the 
multiplication m\(g\e B ® e), (<?2ee <8> e)] = (<7ies ® e)®(g 2 eB ® e). 

On the other hand, (gai <g> e)(g)(e ® gaic^a^ 1 ) — <? a i ® 9&2 = (e <S> e) =: e, 
e = = A is the unit element in W and (e <8> ga^a^ 1 ) = (gai <S> e)" 1 is 
the inverse element of (ga± <S> e), where a 2 G -B is such that (ai ® a 2 )®A = 
(e ® e)(g>A = A in W", ai = eai, that is ax ® a2=e <8> e in W". The preceding 
formulas mean that is noncommutative and alternative. 

Moreover, W is the quotient of a differentiable space or a manifold 
VT 2 by the Cp equivalence relation K a £, hence W is the differentiable 
space, since Conditions (Dl — D8) of §2.4 are satisfied. The group operation 
and the inversion in W combine the product in W and the inversion with the 
tensor product and the equivalence relation, hence they are Cl differentiable 
with I = a' — a, I = oo for a' = oo, (see §§1.11, 1.12, 1.15 in [35] and Theorem 
6 above). 

Then ((#i <g> g 2 )®(g 3 <8> 04))<§>(ff5 ® 9&) ■= ((9193)95 ® g^gm)) and 

(gi ® ^)<i>((ff3 ® ff4))<i>(^5 ® s-e)) := (giig^h) ® {9^92) ■ 

Therefore, is alternative, since l¥ is alternative (see Theorem 6) and B is 
associative. If G is associative, then W is associative and J¥ is associative. 

Let us consider the commutator 

[(g\a\ ® S^)®^^ ® S^)]®^^ <g> fi' 2 a 2 )~ 1 ® 
(#3^3 ® £404) -1 ] = {((^3)(aias) ® (g4g2)((ai 1 a 4 a 1 )a 2 ))® 
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= ((^i^3)(aia 3 ) <g> (g4g2)((al 1 a 4 a 1 )a 2 )^((g{ 1 g^ 1 )(a^ 1 a^ 1 ) <g> 

(ai^a^a^ Vr 1 )^^ 1 ^ 1 ))) = (((5 , ifi'3)(fi'r 1 5'3 _1 ))( a i a 3ar la 3 _1 )® 

((^ 1 ^ 1 )(^2))((aia 3 ) _1 [(( a i a 3)a4 1 (aia 3 )- 1 )(aia^ 1 ar 1 )](aia3))((ar 1 a4ai)a2)- 

By the definition a minimal closed subgroup generated by products of such 
elements is the (topological) commutant W c of W. The group (W M N) a ^ is 
commutative (see Theorem 6(2)). We have Bj B c = {e}, the quotient group 
G/G c = G a b is the abelianization of G, particularly if G is commutative, 
then G a b = G, where G c denotes the (topological) commutant subgroup of 
G. Therefore, we infer that 

(W M E; N, G, P) a ^/[(W M E; N, G, P) a>fi ] c = (W M E; N, G ab , P) a ,p 
and inevitably we get W /W c = (W M E; N, G ab , P) a ,p. 

Using the equivalence relation in W we deduce that W /W c = (W M E; N, G a b, P)a,/3- 

12. Remark. We consider the group B 2 ® B 2 /£, where an equivalence 
relation S is induced by that of in B 2 as in W: (a <g) b) ~ (e <S> e), the 
group B is the same as in §11 with two generators a, b. Then this gives the 
equivalences: [(a ® b) <g) (a(g) 6)] £ [(e <g> e) <g> (e <g> e)] £ [(e <g> b) <g> (a <8> e)] ® [(e (g) 
6) <g> (a ® e)] £ {(e <S>b)<S> [(a ® e) <g) (e (g) 6)]} (g) (a <g) e) £ (e <g) a _1 fca) <g> (a ® 
e) £ [(e ® afe) <S> (ba ® e)] in £? 2 ® £? 2 , since £? 4 is the associative group. This 
implies the commutativity of the iterated skew product wrap group, when G 
is commutative, that is (W M (W M E) a>p ) atP = (W M \W M E) at p) a>p , G = G ab . 
In particular, (W M \W M 'N) a , a ) a>f} = (W M (W M N) a ^, where G = {e}. 

13. Proposition. // there exists an Cp -diffeomorphism rj : iV — >■ N 
such that 77(2/0) = yo , where a < a' then wrap groups (W M E; yo) a ,p and 
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(W M E; yd)a t p defined with marked points yo and yd are C^-isomorphic as 
C l p- differentiate groups, where I = a' — a for finite a', I — oo for a' — oo. 

Proof. Suppose that / e Cp(M,E), then 77 o 7r o f(s 0iq ) = rj(y ) = yd for 
each marked point s ,g in M, where 7r : E — > N is the projection, 7r o / = 7, 
7 is a wrap, that is an C^-mapping from M into A" with 7(so,g) — Vo fo r 
g = 1, k. The differentiable space A" is totally disconnected together with 
E and G in accordance with conditions imposed in Section 2. Consider the 
C^'-diffeomorphism r] x e of the principal bundle E 1 . Then 9 : Cp(M, W) ->■ 
Cg(M : W) is the induced isomorphism such that noQ(f) ■= r/oTcof : M N 
and (i]xe)of = 0(/) for / e C?(M, -E). The mapping @ is Cl differentiable 
by /, hence it gives the isomorphism of the considered Cg-differentiable 
wrap groups (see Theorem 6(1)). 
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